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Abstract,

Clvslcr  (/71al?ys?s  is tl]c  ])10((’ss  of al]to]t]ati(;illy  s(’aldIil)g  for IIatIllal  ,you])i])gs  ill a (Ia( a srt
alI(l CXtI’il(:tillp,  (:ll:kl.:l(:tc]’isti(:  clesc]i])tio]]s  of tllwc  ,ppll])s. 11 is a f(ll)(lalll(’l]tal  lill{)\$’1(’{1~(’

(Iiscovcry ])roccss. ClMsfc7i7tfg  olgcJ7ifl171ts  ( o f  wl]icll  tlIcIc  aIc  lIIalIy)  ljq)imlly  co]]sist  d a
s])wification  of  lmtll (1) a c7ilc7i07/  fm jll(lgil)g  tll(’  qllality  of a ~ivcll  gml])i]lg  all(l  (2 )  a
SC(l?C}/ 7)1 Cf.}lOff  fol” O])tiIlliZil)~  {]lis  (’I’ikl’iol)  ~iv(’11 data (S(’C .]aill ;I]l(] ])111)(%  (]{)88)  fol” a))
(nwvicw).

A ]x]lticlllarly  vcxill~ ql]cstio]l, wllicll  i s  of(cll  p,lossc(l  owl i]] ])lll)lisl]ccl  (Icsc]i])tiol]s  o f

clllstmi]]g  algoriljl]]l]s,  i s ‘ {  II(M’ II Ial  Iy c l u s t e r s  arc tl)wc ill tl]c  (latla  ? “ .  l~oIII  Ial II IrtlIo(ls
for fin{lillg  tl]c ‘(ol)ti]r]al” 11111111 )(!1’ of Clllskrs  al’(! fro’. lf’1ll’ l’llcl’111{)1’(’, ‘~c)])til]]:llitj~”  cal I 1)(’
difliolli  to ])i]] drew] ill this  cm]tcxtj  writl]ollt  SOIIIO  assu]l~])tiolls  l)ci]l~ II Iadc.  OIIC vicw])oil]ij
is tl]at  tllc I)lol)lclII  of f]n(li]]g  tllc l)u+t ]Illlnlm  of clllstus  is fllll{l:~lll(’]]t?illy  ill-( lcfil]ml  aIIcl
1){s1  avoiclml  ( c f .  Gcl)nall  d :11 , IKigc 4 2 4 ,  ill a ]nixtllrc  ]l~()(lclli]]g  coIItwt).  M711ilc IWI

‘Also  wi(l  I lIIC .Ic( l’ro],l,lsio],  l,al,oraloIy  .,2,-r’  r  ?660,  (~iilifortlia  II)s(itutc  of  ‘J’ccl  II Iolop,y,  l’aw(l(IIa,  (!A
$)1 1 ()!).



sylj]]mt,l]ixc  wit,ll l,l]is  v i e w  wc a(lo])t  a II IOrC ])rap,]tlatlic  a])])  r(mclI  i]) th i s  ]EI])(Ir,  lIam(Ily, ld

tlI(:  data k]] us as ]I]l]cl]  as ]mssilJc almut  cluster stIwclIlm, il)clll(lil]g  tllc ]IIl]tIlm  of (lIISICYS
il I 11)(:  (Iata. If Citl]cr tllc data arc too fcvv, or tllc IIlc:]slll(’ll](’llt,  {lilllmlsiol]s  too IIoisy,  1,11(!]J
t] 1(: data 11 lay 1 lot II!vcal  1 1111(:11. 11OW(!W, w]m] tllw datla  cmhilk i]ltl(wstlil]g  stIwct  IIr(I  OIIC

S(’(’li S all algolil,llll)ic  t)dl]li(~u(’  wllicll  (’:111 I’(!\r(!a ] t]]is  Stl’llCtUJ’(’.  A f(]]](]:ll]}[}])t~~]  ])[)i]lt is t]]iil

tll(~ ])roccss  of str[]ctum  discovery  ill {lata  lids {0 1 )c il]kract  ivc, i.e., tllc data aIIalyStJ  lIIIISt
illtcrl)rct  tllc Ycsults  as llIey so{: fit.

111 {his  IEII)C] wC’ limit our attc]]tiol] to Gal]ssial]  II]ixtlllc  II Iodcls:  l)owcvrr,  aIIy ])IolEL-
1 ~jlistic  clllstcrillg  lIlodd  for wl]iclI  a ljlirlilloo(l  fu]lctio]] cal I l)c (Iefild is all]cnal)lc to tllc
] )1’0]  )0s(’(1 al)] )ma(’1 ) , ‘1’llc  ]Ilctl]od mllld cm]ccival  )Iy 1)(I cxt elI{lc(l  t o clustering  alp,oril lIIIIS
mlkicll  (10 ]Jot, ])osscss clca) ])ml mbilistic  scll]al]tics  (sIIcl I a s  Lllc l;-] IIcaIJs cll]stcril]p,  algo-
ljt,l]ln),  l)utl  this is lid ])IIMII(:(l  lIrrc.

2  Probabi l i s t ic  Clustxwing  Using Mixture Modds

2.] ]{’i]lji,c  NJixt,urc  Modds

‘IIIIC  ])rol  ml)ilistic  mixtum  ]m(ldli])~  a]q)roadi  to cllwtc’]i]lg  is w(I1l-l(l  ImvII: 011(!  asslllll(!s { h a t

tlw d a t a  a r c  g(~]matcd  l.rj a li]lrar  co]l]l)j))citiol)”  of c(HIIlmIrlIt  (Im]sity  fullctio]]s  rcs~]lt il]g ill

(1)

of ] mralnctlc:’s  for tlIc overall lno(lcl. W(I will aclo])t  tl]e ]Iot  atiml t]lat  d)~ (lr]lot,cs  ])alall]ctcrs
wl]ic]l II:lvc 1)(’(’11 (! Sfi7/L(/i(d  fl’olll (lat:l.  It i s  :lSSlll  Il(Kl  tllilt  )jl Oj = 1 all(l  (!:j >  0 ,  1 < j < l;.

‘J’l Ic co]n])ollm]t  dcllsity flll]ctiolls  are oft(:]]  asslll  Id (0 ‘1)(:  ]t]l]ltil~tiliflt(:  Ga(lssia))  I\’j(l)

]mrall)ctcrs  f)j = {i/j, );7 }  wll(W’  /lj al)(l  );j 21T’C  111(’ 111(’all  :111(1 c(nwrial]rc  ]I]alrix,  1(’s])(’(:ti~’(’ly.

‘J’IIIIS  tl]c!  mw]l) //,7  s]mifics  Ilw k)cotim)  o f  {II(:  jtll cmIIIml  I(:lIt  (l(:]lsitjy  ill  fcatuw  s]m(:(: al)(l

tile covaria]]cc  lnatrix  >;j ])rcscrilws  IImv tile (liLta 1 wlmlgill: to Colll])OllCllt  j ?11’(: ty])icall=y
(1 is] )C1’s(’d  01” scattmxl  iil’{)111  )[1 //~. ‘J’llr  flcxil)ilitjy  o f  tl]is ]IIoclcl  lIas lul  10 its wi(lcs])rcad

:I])])li(’tltio]l,  ]mrtiollar l-y ill a])])lid  s t a t i s t i c s  (iVlcl,  adIla II aII(l IIasfor(l  1988), al](l  ]tlorc
IVcmltly  ill lnacl]illc  lwlrllil~~  and lillO\VIWlgC  discmwry  (C~llWsC]Ilall  al I(1 Stlltz  199G).

2 . 2  l’k{limat)i]]g tllc Clllskrs froln  1 )ata

C171sfc7’i7/fj  (ill tlllis  ]nixturc  ]lIodd Col]tcxt)  is as follmvs:

1. Assl]n)c  that tl]c data arc gcl]cratul  lry a ]Ilixturc IIlO(lCl) \$’11(’l’(’  (’il(’11  (’oll)l)()])(!llt  i s
il]kll)rctcd as a clllstcr or c l a s s  W7 and it aSSIIIIINl  tl]at  C:lCII (lata ])oillt  ]nllst l)avc
1 )C(!ll  g,cllm’at(’(1  l)y 011(’  all(l  Only 011(’  of t’llc Class(’s  WI.

2. Give]] a  d a t a  M WIICIC  it is llotl lillOIVll wlli(:ll (lata ])oil]t S Call)c flolll  ]vllic]) (OI 11])()-
l)(n)ts, jllfcr tllc c:ll:ll:lc:tc’listi(s  (tl)c ]):11’:1111(’tf’ls)  o f  tllc Ill)(lcrlyillp,  (Icllsii,y  fllllct,im  IS
(tll(’ Clust(!rs) .
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11) lmrticular,  ~ivcll  al] “l]l]]a])(’]]d’) (]a{a sd ]) = {~’], . . . . [/’*r}j ?il)d assll]l)ill~  t]]at,  t]](’
IIUIII1  m of Clllstfcrs  k and tlI(~ ful)(:tli(n]al  forllls  of’ tll(’  col Il])olI(:lIt drlmitics  gj ill I’kjuaiiol]
1  arc fix(d,  csLi]lmic  tllc 11”)0(1(71 ])al’alllctcrs  ‘$j,.. Givcll $/,, 01)(’ (:al] ill(’11  (“al(’llla{c  tllc
1)101 )al )iliiy  tlIat  data ]mint y l)rlmI&s  to c]ass  uj (1 y 1 lays’ Iwlc):

(2)

Al )OVCI  w’(! ]Iavc :1SS111  II(X 1  that,  1;, I]lc  11111111)(11  of clllst  m’s, i s  I:lIOWII  o I)7i(J7i.  Wllilc tl]clc
IIIay IXI sitluatlio]ls  wlxvc k is kIIowI, Ol]c woll](l  Ofkll  lilw to (I(t(w])il]c  Ii fl’olll  tll(’ (Iatja  if
])ossil )lc. 1 ‘rior wmk on :Illto]tlzitically  fil]dil)g  /; (alI roIl~JIly 1)(J (livi(l(xl  i])to tllr(’c  cakp,orics.

‘J’11(: classical a])]) roac]I is lmwd on lryjmtlmis  tcsti]jg, wlJm’ ly]millcsis  1; states tlmt  tllc
llll{lrll~~il]~,  dcllsity  is a IIlixl)urc of I( coln]~ol]cllts. A s  discllss(’(1  i)) ‘1’itt(,lillglol],  Sll]itl)  aII(l

Makov  (1 985 , Scctim)  5,4),  t]icsc tccll]liqucs  ale lalgcly Illls:ttisf:lct[)ly  tlllc to tl]r  “f;lilllrc
of sta] ](lard rcgulality  c(m(liti(n]s” olI the l])ixtur(:  likdil)()()(l  fullctiol).

A  SCCOI){I a])l)roacl) is tllc fl]ll  IIaycsiall  sol[[tio]l  IVIIWC tl]c ])ost(nior ])rol)al)ilit,y  of WI(1I
valllc  of 1; is calculatc(l  givc]l tlIc data, ])riors OII 11](’ lnixtllrc  ]):il:lll](:t(~]s,  aIId ])riols 011 1; it-
sc]f.  A l)ot,clllial  dif[iul]l,y wi(]l t]]is  a])I)Kmcl]  is (I)c Colll])[lt:ltic)llfll  colItI)l(!xitj~  of’ illtq,ratillg
(w] tllc ] mralllrtcr  S]mw to get tllc ] )ostcrior ]mlml)ilitics  o]) 1/. ‘I’]](I  Auto(~lass al~orit  11111
(<;l)ccsmnal}  al]d SIIltz 19W) Ilsrs Iwrimls ;I])])lc)xiltl;itiolls  to get arou)l~l  tl](:  (c)lll])llt:ltic)llt[l
issllcs. Sa]ll])lil]g  tcclllliqucs IIavc a l so  l)cm] a])])lic(l  10 this ])101  )Iclll  IVitll  solt]c  sllc(rss  ((f.
l)iel)o]t al]cl llol)crt,  1 994).

A third IIlctllod  (rclatd to 1 la-ycsiall  a])] noacll) is that of ]mmliml likclil)ood  (SUCII as
tlw 1 ]1(~ and M] )1 ,/MMl, criteria). A lmlalt,y tent 1 is addd to tllc log,-lil{(’lillc)ocl”  to  I mmlizr
tllc 1111]1)1  )cr of’ ]mra])ketcrs  (cI. K., Sclmw 1983). A sigllifical]t  I )rol)lcltl  llcrc is that tllc gc]]cral
assllllll)tliolls  lllldcrlyillg tlw asyllll)totic  o])tlilmlity  of tlllc ]mmliml criteria do IIOtj  ldd il]
tllr IIlixtllrc IIlo(lcllil]g  col]tcxt.

1]] tl]rory,  tlllc  full 1 laycsiall  a])] mmcll is fully o])til]ml  a]ld I)ml ml)ly  tlw I] lost  useful
of tjl)c tlllrcc l]]ctllo(ls  listed al )ovc. IImwwcrj ill ]Jracticc  it is cllll)l)clsollic  to illl])lclll(,lli,
it i s  ]lot ]Jeccssarily  stlaiglltfoltt’til{l  to mtclld  (0 l)olkGaussiall  ])rol )Irllls  wit]]  (lc] )cll(lcllt
sa]n])lcs,  aIJ(l  lIJC reslllts  will 1 )C dc])cl](lcllt  ill a l)oll-tl;tlls])?llcllt  l)la]]ncr  0]1 t IIc CJllality  d
tllc Illl(lcrlyillg  a])])lc)xilll:ktiolls  or siltnllatio]ls. ‘J’lllls,  tl)crc is ccrt aillly rool]l for m] )lorill~
altclllativc Il)rtl]o{ls.

3 Cross-Validated Likelihood for Choosing k

] K’( f (c’) 1)(’  t]l~ “tl’lld’  ])1’01 kll)ilit~’  d(’llsity  fllll(’tioll  fol” ?. ] J(’t’ l) ‘ {~~’1,  . . . . ;l:fV } 1 )(’ a l’~~l)d~)l  I I

,WII II])Ic. frolll ,f. (knlsidcr  tllatj  w’(: fit a srt of fillitc  II]ixtllrc  lIIO(lCIS  wit])  k Colll])ollcl]tls  to



1 ) ,  W1l CI’C 1: ranges  frolll 1 to k,,,ax. ‘lllllls,  VW l]avc all illclcxc(l  set  of  Gstilllatcxl  ]II(Jdcls,

.fk(m’d, J s 1:< ~~,,,ax, WI](H’(! (’ad] ,fk (Tli)k)  IIas lmll f i t t e d  to data s~~ 1).

‘J’]Jc data lc)g-lil~(:lilloc)cl  fm tl)r  l;tl)  ]IIodd is (Icfillul  as

Asslllnc tl]at  tl]c ]Mra]l)ckrs  for tl](! I;tl} ltlixt~llc ]II()(IcI WKJIC cstill)atc{l  I)y ltlaxilt)izill~  tl)is
lil;clilmod  as a  function  o f  @L, keq)illg tllc daia 1) fixc(l (stalldald  IImxillmll]  likclilmml
cstilllatlio]l).  Wc tl)c]] get that lJ~  (l))  is a IIoll-cl(’(”1(’tlsillg, fullctio]l  of l; sillcc tl]c illcrcasccl
flcxil )ility  of II1OI(!  nlixturc  colII])mIcllts  allows lwtkr fit to [lIc ~lata  (illcrcascd likcli])oo(l).
‘J’IIIw, I,L (1)) CaII l]ot directly ])lovidc aIIy CIIIC as t o tllc 1771c ]I]ixturc  SIII1(.lIIIC  ill tlIc  data,

if sllcl]  Stluctllrc  {’xist)s’ .
IIl]agillc  tlIat  w l)ad a large test  data w t l~’c’st wllic]]  is IIOt IIsc(l ill fitting  a]ry of tllr

111[)(1(!1s. 1 ,(’L 1,/: (1P’ ) bc tllc log-likdi]lood as dcfillul ill l’;quatim]  3, WII(N tll(’ lllodcls

arc fit to Illc tjrai]lillg  data 1) l)ul tlIc likdilmd i s  cvaluatml OII l~teS1.  W(I  CaII v i m ’  t IIis
likc]il]oo(l  as a ftillctiol]  of tl]c “])tll:llll(:tl(:l” 1{, k(c])illg al l  Otllm ]mrall]etms  al](l  1) fixd.
llltllitivdy,  this  “test likelillmd’)  s]lolll(l  1)(’ a ]JIorc Ilscflll  cstilt  Iatm (tlla]) tllc trail Iil)p, CIata
lil:(!lillood)  for coln]ming lllixturc  luoclds wit]] difliml]t  l]llll]l)cls  of (ollll)oll(’llts.”

1 lowcver, ill lwacticc, wc call  ]mt afhd, or do lmt IIavc alwilal k, a large illdc]m  Idu It

t!(’st!  Set Sll(:l)  as I) ’c” , 1 d ~j~:’ lN a closs-ltlli(l:ltioll”  cstil)latr  of Ik (l~t(’st  ) m’e discllss  ill t IIC
l]vxt  s(!ctiol]  tll]c ]wticulars  of IImv ~~~,t’ is CalCIllatJ(I{l.  WIIat cal I f,~,{’ t (’11 11s al)ollt IIm’ close
lIIC II IO(lC1 ,f~. (;):ld)k)  is 10 the t r u e  (lflta-g(’11(’l:itillg  dmlsity  j’? l~ollmvillg  Silv(’llllall  (1 986,
]).53) al](l  chow, GmIlall,  alId Wu (1 983) , it (:alI I)c slImvII lllIdcr  a])])rol)riatc  assllllll)tiol)s

(4)

4 A Monte Carlo Cross-Validatd Clustxwing  A l g o r i t h m

4.1 CIIoosiIIg  a l’articular C~]’c)ss-V:~licl:itic)]]  Mc:llIod

‘1’11(!1’(! al’{:  Scvcl’a 1 ])ossil)]c  {:lc)ss-~~t]licltltioll  II Ictllotls  ol]c cmllcl Iwc to gcllc’rate j,ji”. ‘?- folcl
cross validatim  (vCV) cmlsistjs  o f  ]mr(itiollil]~  tllc (Iata into v (lis.joil]t,  slllm(s. ~) , 1
yields tl)c well-kl]mv]l “l(::iv(!-c)l](:-ollt’” cross validakd  cstil ) )ator, I)ut tl]is is lvcll-kIIomI]l  10

lrl}tl(liti  c)]l:tlly  this  is tl)c clc],alllltc  ]willt  fol ]w])alizccl  liliclillc)ocl  alId likclilloocl  ]:ttio tcs(illg II I(tl  IcI(ls.
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sllflt’r  f’roI II lli~ll  valial]cc. v z 10 1]:1s lNCII a  ]q)ular  cl)oicc  ill ]wacticc (e.g., tl)c CAIN1
alp,ori{lljll]  for (lccisiml  trm classificatiml). 111 A407Lic C(l?’k)  (:1’0,9s w/l?(l(/fio7/  (Mccl’) t!llc

(latla am ]mrtiticnlcd f14 tilllcs into {lisjoil)t  train  aII{l trst stll)scts  mIIIcIr  llIC t(w( SIIIW( i s
a  fractio]] /3 of  tlkc mwrall daia (Ilurlnal]  1989, Sl]ao 1 W;). ‘1’lw key dislil]ctioll lmt wwvk
MC;(N  aII(l 7J{N is that in MCCV tJlc diflbmlt  1(:s( sllbscts arc (l]oscl~ rall(lol]lly  all(l  IICd

IIOt lx: (lisjoill{.  ‘J’y])ically  /% Cal] l)C q u i t e  lalp,cj (!.g., 0.5, all(l  IIlllldl’ds  01’ tllmlsall(ls  d

IIIIIS (J4)  ;:a,, lx: avcra~cd. 11] tll]c rcgrcssiol]  (wlltcx(j  it was sllmv]l  l)y Sltao (1 993) tlldt
li(’(’])ill~  ~~ lc’lativdy lalge rwlllccs estil] Iatiol]  valial)ilit,y  ill t llc lest  da{ a ((ol]l]mlc(l  to I)CV
ltwtllmls).  II]tllitivcly, lIIC M C C V  cstiljlatcs  slKmld lw ulll)i[wd  (Ix’itlg all avmigc  of J1
ill(lividllally  llnl )iasml  cstil]~ates)  al]d llavc  dcsiraldc  valiallcc ])lw])cl(jics: 1 lmv(!\’(’1”,  {11(’1’c al’c
fcw tllcolctical  r e s u l t s  availaldr  oll MCCV ill geII(Iral  alI(l  lIolIc  o] I M[~(N  ill a liliCli1100d
csti) llatjiml  collt)cxll.

4 . 2  S]}ccification  of I,lIc  MCCV Algori~l~]n

‘J’IIc  alp,mitlllt]  Ol)C1’atCS  M follOWS. ‘J’llc Olltcr  lo(q) col]sist)s  Of A4 Cl”OSS-\  ’illiCl:ltic)ll  1’111)s  [NO’
A4 I~III(loIIIly-( lIc)srlI  trail]/Mt  l)artitio])s. l’br (’a(lI l)artitio]], 1; is wlliml  f’1’olll 1 t () I<,,, z,x

alI(l  11)(!  lIM algoritl]ln  is usd {0 fit ilic k coln])ol)clltjs  1,0 tllc {Ilaillillpl  d a t a .
‘J’]}c  I’N algoritllln  is  illitia]izc(l  using a ~r~lliallt  of t,]l(~ L-lt]ralls  algolitl)lll,  lvllicl]  i s

iis(:lf  illitlifilizcd  rallclolnly. ‘J’o avoi(l local IIli)lilna, tl]c L-ltlcalls  algolitlllll  i s  run  f tilllcs
(d(:fa,,lt val,,r  is f = 1 0 )  f’ro]II  difl’crultf  startli)lg  ]milis all(l {II(’  lli~llcst  liliclillood  solutimi
llsctl  to l)cgill  tl]c 1’;M cstillla(ioll. ‘J’l]c  I’;M mt ilnatiml is (wl)strail)d  a~vay flolll  Sillp,llla]
solllt,iol]s”  ill ])aralnct,cr s]):icc  1 )y lilllitil)g  tllc (lia~ollal Clcl])(!]]ts  of t 1](! colt]] )Ollcl]t covariallcc
IIlalricrs  >;j to I)c glcatc] tllall c (c]efaul(  valltc  i s  c z 0.()()1 0 WIKW o is t 1)(’ Stall (lal’d
deviat ion of  tl]e ul]dlwtcvcd  data ill tl]c rclc!vallt  dil]lcl]sioll). ‘J’]]c  I<;N4 algoritllll 1 it cratm
lll]til  {11(’ Cllal]gc!  ill lili(!li1100c1  is 1(’ss  tllall  d (Clcfallltl  lrillll(! is d = 10 6), m l]]) 10 a ])ln+])(icifiml
II]axill)lll]l  ]ll]l))l)(!r  of itcralim)s  (dcfalllt,  is 30), wllicllcver  occllls filst. l<cq)illp,  tllc II]axil]lul)i
]tllltll)m’ of I’;M itcratimts  slllall allows fcn qlli(”li(’]’ mutim] of tllc algoritlll)l:  tllc intuition
i s  Ll)at  si]kce WC [LIT a v e r a g i n g  ]t]llltil)lu  CI’OSS-\Jilli(l;  ltiol]”  rlll  Is, it i s  sllflicicl)t  tliat tlI(: I’;N4

(xti]))atcs  1)(’  so] I)[wl)(W  11(’al’  a  ])(’~li  ill {IIC lilwlillood  slllfacc this assllltl])tiol]  \Vill’1’~IltS

fllrtl]cr  il)l’(:stli~,~ktioll.
l;aclJ o f  tl]c fitted  II-IO(lCIS  wit]) ); coIIII)oIIcnts  arc tl]cl)  al)l)]iccl  to {1](: 111  Is(I(III  (lata  ill

tlw trst lmr(itiol],  a])d tllc test-data log-lil<t~lilloc)(l”  (1’;quatim]  3) is calculatd for eat]]. A s
illdi(:atwl  earlier, this  is I’c]mlkl  Al tilnes, all{l tllc J4 (’I’OSS-\’illi(  ltLt~(l  csti]]latcs  are avcrap, d
for cac]l k to arrive at< ~,fV, 1< k < l:,l,:,X. Sill )ilal]y 11](’  st al](lar(l dcviatio]]  mm tllc Al 11111s
(.;llt l)c calculatd  for cad] /;, ill(liultil]g  tllc varial)ility of tllc liliclilloo(l  est ill]allcs.

‘I1l IC clata allalystl  call  ])10{ tl~c ~,~,” as a flll)ctioli  of /: along wit]) tllc stall(lar(l (Icl’iatiolls
to S(!(’ What! tlllc (lata says al )Ollt  tllr  1)11111] )(’1’ of (“lllst  cl’s Al]otllr)’  aI)I)rmclI  is to IOI1:,l]IY
(“~11(’(lliit(!  tll(!  ]m+tcrior  l)l{)l)tll)iliti[ls  f{)]’  Ca(’11  Ii, wlI(w OIIC cflcctiwly  assu III(w cqIIal  ]wiors

011 tll(’ VillllCS  Of Ii:
CX])(tf”)

po{ll))  = - 1 < }: < I;,,,,,x.>j:ll;x  ,,xl,(j,;u)  ‘

If OIKI. of tlw j~()(ll~)’s is ]war 1, t]](!)) tllcrc is strm]g cvidcl]cc  for t l]at lmrtic~]lar  IIIIIIIIWI

( I f  (“lllst(!l’s.  If 111(’  ])(1:11))’s  al’(’ IIlol’c S])l”(wl  ollt  , tll(’11  tll(’  d a t a  al’{’ n o t ’  al )1(’  t o I’(’SOIVC  t’llc

c l u s t e r  stnlctlurc,  althoug]l  “l)ull(llillg” a l  )(mt, a lmrticlllal  1( WIIIIC  II I:Iy  allow OIIC t o foclls

01)  a Sill)-1’allgc of /(. It is ll(i  ]’CCO]l I1l](’II(lN1  Ill at tll(’ ])1’()(T(llll’(’  1)(’ i]] 11 )1(’111(’lltC(l  aS :1 “1 )lil(li-
1 )OX’” wlIcrc  sim])ly 111(: lllaxil~llll]]  A’ \7illll(’  is rc])ortd:  tllc (Iistril  )11{ iol] of ~J(l(ll~) is cssm]tial
{0 illtc:l])lctiljp,  tllr lcslllts.
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(1))  3-(:1:,ss  (Iata.
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{lial)ctlcs  data. ( f )  Vow!] ,Iata.

l~i~lllc  1 :  $$cat,tcr  l)lot,s of (Ia(a sots W+(1 i]] cxl)mi])lcllts.
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‘1’01)1(’111

l-class

2-class

sal,,,)k! size [] 1]1[:

5()

1

1
200” 1
800”

100 1] :
600” I 2

1200” 2
2
2

3
3

2
2

3-CIMS 1 0 0 3 3 4 3
600” 3 :; “3 3

1200” 3 3 4 3

4-(;lass 100

1

2 3 5 3
500” 3 4 “5 4

1 ()()() 4 4 (i 4
‘1’al)lc 1: l’;x])(~lilll(’l]t:ll  rcslllts 0]] sil)lulatc(l  (la

‘J\ ’11111

1
1
1

2
2
2

.3
3“”
3
4
4
4

5 . 2  IIdails  o f  II;x])cri]ncnljs  on Simlll:ttld IIah

‘Ihl)lc 1 contains  a l)li(’fsllltll]lzlly  of tl]c (’x])(’lil]lcl]ti~l  rcslllts o]] sil])lllat(’cl  clata.
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5.3 lkd l)at)a Sds

IIclmv  wc disuws  t]]c a])l)licatiol]  of’kl(;(~ll  (:11)(1 tl]c (olll]mrisol)  )I)ctllods)  10 s e v e r a l  Na]
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